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A recent refinement of Penrose’s conformal framework for asymptotically flat space-times is sum-
marized. The key idea concerns advanced and retarded conformal factors, which allow a rigid
description of infinity as a locally metric light cone. In the new framework, the Bondi-Sachs energy-
flux integrals of ingoing and outgoing gravitational radiation decay at spatial infinity such that the
total radiated energy is finite, and the Bondi-Sachs energy-momentum has a unique limit at spatial
infinity, coinciding with the uniquely rendered ADM energy-momentum.
PACS numbers: 04.20.Ha, 04.20.Gz, 04.30.Nk
I. INTRODUCTION
Space-time asymptotics, the study of isolated gravita-
tional systems at large distances, is important in General
Relativity because it allows exact definitions of physical
quantities which are otherwise not known, such as the
mass-energy of a system and the energy flux of gravita-
tional radiation, related by the Bondi-Sachs energy-loss
equation [1, 2, 3]. Penrose [4, 5] formulated this using
conformal transformations, so that infinite distances and
times are rendered finite: infinity becomes a mathemat-
ically finite boundary where exact formulas can be de-
rived. This is now standard textbook theory [5, 6], yet
fundamental issues remain. Penrose’s theory describes
future null infinity ℑ+, whereas spatial infinity i0 has a
different theory [7, 8]. In particular, the Bondi-Sachs en-
ergy (at ℑ+) does not necessarily reduce appropriately
to the ADM energy (at i0) [9, 10, 11]. A surprisingly
unresolved question is whether initial data on an asymp-
totically flat spatial hypersurface (or past null infinity
ℑ−) determines final data at ℑ+.
This presentation summarizes a new approach, de-
scribed in detail recently [12]. The key idea concerns
advanced and retarded conformal factors, which do the
work of the Penrose conformal factor at ℑ+ and ℑ− re-
spectively, while enforcing appropriate structure at i0.
The factors differentially relate physical and conformal
null coordinates at infinity.
II. EXAMPLE
As a simple example, the Schwarzschild space-time
with mass M in standard coordinates is given by
ds2 = r2dS2 + (1− 2M/r)−1dr2 − (1− 2M/r)dt2 (1)
where dS2 refers to the unit sphere. This can be written
in dual-null coordinates 2ξ± = t ± r∗, where r∗ = r +
2M ln(r − 2M), as
ds2 = r2dS2 − (1− 2M/r)4dξ+dξ−. (2)
The physical null coordinates ξ± are now transformed to
conformal null coordinates ψ± by, for instance, inversion
ξ± = −1/ψ±, so that ξ± → ±∞ are rendered finite,
ψ± = 0. The null coordinates are differentially related
by
ω± =
(
dψ±
dξ±
)1/2
(3)
which are ∓ψ± in this case. Since the physical metric
g has an angular part r2dS2 which becomes infinite as
r → ∞, Penrose’s idea was to regularize it by trans-
forming to a conformal metric Ω2g, where Ω ∼ 1/r is
the conformal factor. Simultaneously, the normal part
−(1− 2M/r)4dξ+dξ−, which was already regular, is be-
ing multiplied by Ω2 and being transformed by dξ+dξ− =
dψ+dψ−/(ω+ω−)2. The obvious way to keep it regular
is to choose
Ω = ω+ω−. (4)
Then
Ω2ds2 = (ψ+ψ−r)2dS2 − (1− 2M/r)4dψ+dψ− (5)
= (ρr/r∗)
2dS2 + (1 − 2M/r)(dρ2 − dτ2) (6)
→ ρ2dS2 + dρ2 − dτ2 as r →∞ (7)
where
2ψ± = τ ∓ ρ. (8)
The conformal metric is regular, actually becoming flat,
as r → ∞ (r∗/r → 1). Physical infinity has become a
light cone Ω = 0, the light cone at infinity [9], as depicted
in Fig. 1. Spatial infinity i0 becomes a point ω+ = ω− =
0 and the physical space-time ω± > 0 lies outside its light
cone. Null infinity ℑ± is given by ω± = 0, ω∓ 6= 0.
Clearly there is more information in the sub-factors ω±
than in the Penrose factor Ω alone. This structure can be
used to refine Penrose’s definition of asymptotic flatness
at ℑ± to include i0. For obvious reasons, ω+ and ω−
are called the advanced and retarded conformal factors
respectively [12]. While Penrose emphasized the metric
transformation, now the dual-null coordinate transfor-
mation is to be considered in conjunction.
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FIG. 1: The light cone at infinity, ℑ, depicting the advanced
and retarded conformal factors ω±. The physical space-time
(ω+ > 0, ω− > 0) lies outside this asymptotic light cone.
Radiation propagates in from past null infinity ℑ− (ω− = 0)
and out to future null infinity ℑ+ (ω+ = 0). Spatial infinity
i
0 (ω+ = ω− = 0) is the vertex.
III. DEFINITION
The above ideas motivated the following definition [12].
A space-time (M, g) is asymptotically flat if: (i) there
exists a space-time (Mˆ, gˆ) with boundary ℑ = ∂Mˆ and
functions ω± > 0 on M such that Mˆ = M ∪ ℑ and
gˆ = (ω+ω−)2g in M ; (ii) ℑ is locally a light cone with
respect to gˆ, with vertex i0 and future and past open
cones ℑ+ and ℑ− respectively; (iii) ω± = 0, ω∓ 6= 0,
∇ˆω± 6= 0 on ℑ±, and gˆ−1(∇ˆω+, ∇ˆω−) 6= 0 on ℑ; (iv)
(gˆ, ω±) are Ck on Mˆ − i0, e.g. k = 3. Differentiability at
i0 is more complex, as described subsequently.
The definition recovers the basic conditions of Pen-
rose’s definition of asymptotic simplicity [4, 5], namely
Ω = 0 and ∇ˆΩ 6= 0 on ℑ±, with Ω as before (4). Also
ω+ = ω− = 0 at i0 as desired. This leaves consider-
able gauge freedom in the conformal factors ω±, namely
ω± 7→ α±ω± for any Ck functions α± > 0 on Mˆ − i0.
This allows gˆ to be fixed so that ℑ is locally a metric
light cone [12]:
dsˆ2 ≈ ρ2dS2 + dρ2 − dτ2 (9)
= (ψ− − ψ+)2dS2 − 4dψ+dψ− (10)
where ≈ denotes equality on ℑ in a neighbourhood of i0.
The gauge conditions are
gˆ−1(∇ˆω±, ∇ˆω±)/ω± ≈ 0 (11)
gˆ−1(∇ˆω+, ∇ˆω−) ≈ 1/2 (12)
and they imply
gˆ−1(∇ˆΩ, ∇ˆΩ)/Ω ≈ 1 (13)
2∇ˆ ⊗ ∇ˆΩ ≈ gˆ. (14)
The last two expressions vanish in the usual gauge chosen
for ℑ+ [6, 8], in which it is a metric cylinder. In the new
gauge,
ψ± ≈ ∓ω± (15)
as in the Schwarzschild case.
IV. IMPLEMENTATION
The new framework has been implemented using the
spin-coefficient or null-tetrad formalism [5]. The ba-
sic objects are a spin-metric ε and a spin-basis (o, ι),
or a metric g = ε ◦ ε¯ and a null tetrad (l,m, m¯, l′) =
(oo¯, oι¯, ιo¯, ιι¯). The key result [12] is that the desired con-
formal transformations are given by
ε = εˆ/ωω′ (16)
(o, ι) = (ωoˆ, ω′ιˆ) (17)
or
g = gˆ/(ωω′)2 (18)
(l,m, m¯, l′) = (ω2 lˆ, ωω′mˆ, ωω′ ˆ¯m,ω′2 lˆ′) (19)
where ω and ω′ now denote respectively the advanced
and retarded conformal factors.
The physical and conformal tetrad derivative operators
are related by
(D, δ, δ′, D′) = (ω2Dˆ, ωω′δˆ, ωω′δˆ′, ω′2Dˆ′) (20)
and the weighted spin-coefficients are related by
κ = κˆω3/ω′ (21)
σ = ω2σˆ (22)
ρ = ω2(ρˆ+ Dˆ logωω′) (23)
τ = ωω′(τˆ + δˆ logωω′) (24)
τ ′ = ωω′(τˆ ′ + δˆ′ logωω′) (25)
ρ′ = ω′2(ρˆ′ + Dˆ′ logωω′) (26)
σ′ = ω′2σˆ′ (27)
κ′ = κˆ′ω′3/ω. (28)
These formulae are all inverses of those in [12].
V. REGULARITY
Asymptotic expansions valid near the whole of ℑ, in-
cluding i0, can now be developed. There is a canon-
ical coordinate system near ℑ, obtained by propagat-
ing the metric spheres at ℑ into the physical space-time
along null hypersurfaces, generating a dual-null folia-
tion of transverse spatial surfaces. The null coordinates
3(ψ, ψ′) =
√
2(ψ+, ψ−) are related by g(lˆ′) = dψ, g(lˆ) =
dψ′ and the dual-null gauge entails certain relations be-
tween the spin-coefficients [13], including κ = κ′ = 0.
The conformal freedom can be fixed as before by
(ω, ω′) = (−ψ, ψ′)/
√
2. (29)
It is also convenient to introduce a hyperboloidal spatial
function
u =
ωω′
ω + ω′
(30)
which behaves as u ∼ 1/r at ℑ, where a ∼ b means
a/b ≈ 1 and the radial function r relates the area form
∗1 = ∗˜r2 of the transverse surfaces to the area form ∗˜1
of a unit sphere. With the asymptotic gauge choice
χ ≈ 1 (31)
the conformal expansions are determined for the metric
light cone as
ρˆ ∼ 1/
√
2(ω + ω′) (32)
ρˆ′ ∼ −1/
√
2(ω + ω′). (33)
Using the spin-coefficient transformations (21)–(28), the
physical expansions are found to be
ρ ∼ −u/
√
2 (34)
ρ′ ∼ u/
√
2. (35)
Now it is demanded that ℑ be a smoothly embedded
metric light cone. This leads to the following asymptotic
behaviour for the remaining conformal weighted spin co-
efficients:
σˆ = O(u/ω) (36)
σˆ′ = O(u/ω′) (37)
τˆ = O(ωω′) (38)
τˆ ′ = O(ωω′) (39)
where a = O(b) here means that a/b is regular at ℑ,
where a function f(ω, ω′, θ, φ) is said to be regular at ℑ
if the following limits exist:
f+ = lim
ω→0
f at ℑ+ (40)
f− = lim
ω′→0
f at ℑ− (41)
f0 = lim
ω→0
f− = lim
ω′→0
f+ at i
0. (42)
Note that this allows angular dependence f0(θ, φ) at i
0,
but not boost dependence. Thus for some purposes it
may be useful to expand i0 from a point to a sphere. In
terms of the physical spin-coefficients, this yields
σ = O(uω) (43)
σ′ = O(uω′) (44)
τ = O((ωω′)2) (45)
τ ′ = O((ωω′)2). (46)
These are geometrically motivated conditions, yet they
seem to describe a class of space-times with desired phys-
ical properties, as follows.
VI. ENERGY
The Bondi-Sachs energy [1, 2, 3] at ℑ+ can be ex-
pressed as [4, 5, 14, 15]
EBS = lim
ω→0
A1/2
(4pi)3/2
∮
∗σσ
′ −Ψ2
χχ¯
(47)
where A =
∮ ∗1 is the area of a transverse surface and
integrals
∮
refer to transverse surfaces. Similarly, the
ADM energy [7] at i0 can be expressed as [8, 9, 10, 11, 16]
EADM = − lim
ω→0
lim
ω′→0
A1/2
(4pi)3/2
∮
∗ℜΨ2
χχ¯
(48)
where, in the original treatment, it was unclear whether
the limit depended on the boost direction ω/ω′, i.e. on
the choice of spatial hypersurface. These two expressions
are not obviously consistent, and indeed, EADM is not
the limit of EBS at i
0 without some extra assumption
[10]. These questions can be addressed using the Hawk-
ing quasi-local mass-energy [17], which can be written as
[15]
E =
A1/2
(4pi)3/2
∮
∗K + ρρ
′
χχ¯
=
A1/2
(4pi)3/2
∮
∗σσ
′ −Ψ2
χχ¯
(49)
where the second expression follows in vacuo from the
definition of complex curvature K. In order for the total
energy to be finite, one needs to further expand
χ− 1 ∼ χ1u (50)
−
√
2ρ/u− 1 ∼ ρ1u (51)√
2ρ′/u− 1 ∼ ρ′1u (52)
where (χ1, ρ1, ρ
′
1) are regular at ℑ. Then
EBS = lim
u→0
E =
1
8pi
∮
∗˜(χ1 + χ¯1 − ρ1 − ρ′1). (53)
In words, EBS exists at ℑ, is the limit of the Hawking
energy, and has a unique limit at i0 in this framework.
In order to compare with the ADM energy, one can write
the leading-order terms in the shears (43–44) as
σ1 = σ/uω (54)
σ′1 = σ
′/uω′ (55)
which are regular at ℑ. Then the discrepancy “EBS −
EADM” (if EADM were extended to from i
0 to ℑ± by
the same formula) is found to be
∮ ∗˜σ1σ′1(ω + ω′)/4pi,
which is generally non-zero at ℑ± (ω = 0 or ω′ = 0), but
vanishes at i0 (ω = ω′ = 0) from any direction. Thus
the ADM energy is the limit of the Bondi-Sachs energy
at spatial infinity in this framework, and also the limit of
the Hawking energy from any spatial or null direction:
EADM = lim
ω+ω′→0
EBS = lim
ω→0
lim
ω′→0
E. (56)
4This resolution explicitly rests on the additional structure
at spatial infinity provided by the advanced and retarded
conformal factors (ω, ω′).
The asymptotic regularity conditions and expansions
(43–46,50–52) can be used to show, assuming either
vacuum or suitable fall-off of the matter fields, that
(DˆE, Dˆ′E) are O(1), as expected on physical grounds.
In particular, in the vacuum case they imply
√
2DEBS =
1
4pi
∮
∗˜|N |2 at ℑ− (ω′ = 0) (57)
√
2D′EBS = − 1
4pi
∮
∗˜|N ′|2 at ℑ+ (ω = 0) (58)
where
N = σ/u (59)
N ′ = σ′/u (60)
are the retarded and advanced Bondi-Sachs news func-
tions. Here (58) is the usual Bondi-Sachs energy-loss
equation, showing that the outgoing gravitational radi-
ation carries energy away from the system, with energy
density |N ′|2/r2. Similarly (57) shows that ingoing grav-
itational radiation supplies energy to the system. In con-
formal null coordinates,
√
2DˆE =
1
4pi
∮
∗˜|σ1|2 at ℑ− (61)
√
2Dˆ′E = − 1
4pi
∮
∗˜|σ′1|2 at ℑ+ (62)
which are regular in the limit at i0. Thus the change in
energy from i0 to a section of ℑ± is finite. Physically
this means that the ingoing and outgoing gravitational
radiation decays near spatial infinity such that its total
energy is finite. It is straightforward to generalize from
energy to energy-momentum [12].
VII. SUMMARY AND ISSUES
• Penrose’s conformal framework has been refined using
advanced and retarded conformal factors.
• A new definition of asymptotic flatness at both spatial
and null infinity has been given.
• The light cone at infinity can be locally fixed as a metric
light cone.
• Asymptotic regularity conditions follow from smooth
embedding of the light cone.
• The ADM energy-momentum (at i0) is rendered
unique.
• The Bondi-Sachs energy-momentum (at ℑ±) is ex-
tended to i0, uniquely and consistently with ADM.
• The energy flux of gravitational radiation (or news)
decays at i0 such that its total energy is finite.
• A practical implementation using the spin-coefficient
or null-tetrad formalism has been given.
• The rigid universal structure allows simple behaviour
of physical fields at ℑ, e.g. (χ1, ρ1, ρ′1, σ1, σ′1) characterize
energy-momentum.
• Higher order asymptotic expansions?
• Angular momentum, multipole moments?
• Asymptotic symmetry group? BMS group (at ℑ±) sim-
plified by vertex conditions?
• Tensorial formulation? e.g. gravitational radiation in
transverse traceless form.
• Conformal 3+1 form in (τ, ρ, θ, φ) coordinates? Regular
field equations at ℑ?
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